. When r is an irreducible cuspical representation of G s GL n, q and H is an orthogonal group associated to a symmetric matrix in G then the space of H-fixed vectors for r is shown to have dimension at most one. Such a representation r Ž . induces an irreducible supercuspidal representation of G s GL n, E , where E is a p-adic field whose residue field has order q. The space of those linear forms on the space of which are invariant under an orthogonal group is computed. For the corresponding group of orthogonal similitudes, it is shown that the dimension of the space of invariant linear forms is always at most one. ᮊ
INTRODUCTION
Suppose E is a field and V is an n-dimensional quadratic space over E, Ž . Ž . with n ) 1. When G s GL n, E and H is the orthogonal group O V , Ž one can consider the following problem. If is an irreducible complex . w < x linear representation of G, what is the dimension H : 1 of the space Ž . Hom , 1 of H-invariant linear forms on the space of ? The most well known example occurs when E s ‫ޒ‬ and H is the standard orthogonal Ž . w < x group O n, ‫ޒ‬ . Then H : 1 F 1 for all irreducible representations Ž . w x of G or, in other words, the pair G, H is a Gelfand pair 11 . Then 2 Ž . the G-module L H _ G has a multiplicity-free decomposition as a direct sum of irreducible representations. The irreducible constituents in this decomposition are precisely the irreducible representations for which w < x w < x H : 1 s 1. Therefore, in this example, the dimensions H : 1 play a central role in the harmonic analysis of the symmetric space H _ G.
Ž . In this paper, we consider the above problem in two cases: 1 when E is a finite field of odd characteristic and is a cuspidal representation, and Ž .
2 when E is a finite extension of a p-adic field ‫ޑ‬ , with p / 2, and is p Ž .
Ž . a supercuspidal representation of lowest level. In case 1 , though G, H w < x is not a Gelfand pair, we show in Theorem 1 that H : 1 F 1 for all Ž . irreducible cuspidal representation . Case 2 is treated in Theorem 3.
w < x When n is odd, once again H : 1 is at most one. However, when n is even, it is possible to construct irreducible supercuspidal representations w < x Ž . Ž . such that H : 1 s 2. In cases 1 and 2 , the representations may be realized as induced representations and we show in Theorems 2 and 3 the w < x precise relationship between the inducing representation and H : 1 .
Ž . Let HЈ be the group of orthogonal similitudes. For h g HЈ, let h be the similitude ratio of h. For a character of E = , we can associate a Ž Ž .. character h on HЈ. In Theorem 4, it is shown that for the above supercuspidal representations , for any character , the dimension w < x Ž . HЈ : of Hom , ( is always at most one.
H Ј Ž . Ž . As with the example of O n, ‫ޒ‬ _ GL n, ‫ޒ‬ , the results in this paper have a direct application to the harmonic analysis on H _ G. Our true w x motivation, however, lies in certain conjectures of Jacquet 9 which we now briefly recall. The Shimura correspondence between automorphic forms of half integral weight and automorphic forms of integral weight has w x been interpreted in 5 as a correspondence between automorphic cuspidal Ž . representations of the double cover of GL 2 and automorphic cuspidal Ž . w x representations of GL 2 . Jacquet has shown 9 that if E is a number Ž . field, then an automorphic cuspidal representation of GL 2, E is in ‫ށ‬ Ž . the image of the Shimura correspondence precisely when it is HЈ, -distinguished with respect to some orthogonal similitude group HЈ and some = = w x character of E rE . In 9 , it is conjectured that the image of the ‫ށ‬ Ž .
Ž . analogous correspondence from the double cover of GL n to GL n has a Ž w x. similar characterization see also 12 . Without recalling the definition of Ž . ''distinguished,'' we simply mention that if is HЈ, -distinguished and has the factorization m over the places of E then the components ¨ẅ < X x are characterized by the property that H : s 1.¨Ï n Theorem 5, we give a precise criterion which must be satisfied by supercuspidal representations of lowest level arising as local components
Ž in the image of the Shimura correspondence under the conjecturë w x. w x of 9 . Note that in 4 , Flicker and Kazhdan have conjectured that the local components in the image of the Shimura correspondence arë ''metic.'' In the case is supercuspidal, being metic is equivalent tö Ž . having a central character with y1 s 1. It is clear the supercuspidal representations satisfying the criterion in Theorem 5 are exactly the metic w x representations. Thus the conjectures in 4, 9 are compatible. We also remark that Theorem 2 may be regarded as an analogue of Jacquet's conjectures for finite fields. This point of view is explained more fully in Section 2.
FINITE FIELDS

Ž
. In this section, G will denote the group GL n, ‫ކ‬ , where n ) 1 and q is q an odd prime power and ‫ކ‬ is an algebraic closure of the field ‫ކ‬ . Up toŽ . conjugacy by GL n, q , the orthogonal groups in n variables which are defined over ‫ކ‬ are constructed as follows. Let g G be the diagonal q Ž . matrix diag 1, . . . , 1, ⑀ , where ⑀ s 1 if n is odd and ⑀ is either 1 or a fixed nonsquare ␦ g ‫ކ‬ = when n is even. Given ⑀ , we let H be the orthogonal q Ž . of characters of ‫ކ‬ n implies x s 0 and thus g g G. We also remark that
We now use the element g to define an F-stable torus T of G by
To apply Lusztig's formula, we must first recall several notations from w x w x 10 . First of all, J J is defined in 10, 1.5 as the set of all -stable maximal Ž . tori S contained in a Borel subgroup B depending on S such that B is Ž . w x opposed to B . Clearly A g J J. Furthermore, according to 10, 1.5.a , the 0 Ž . special orthogonal group H the identity component of H acts transitively by conjugation on J J. Therefore, in the present context, J J may be described simply as the set of all tori of the form hAh
What is relevant, for our pur-Ž . poses, is that ⑀ z s 1 if z lies in the center of G. Following the S w x definition in 10, 1.2 , we let ⌰ denote the F-stable variety consisting of
is empty unless y1 s 1, in which case
Proof. According to Lemma 10.4 of 10 , if f g ⌰ then f Tf g J J.
T ,
Ä 4 Ä 4 t s 1. Since T j 0 is a field of odd characteristic, "1 is the set of roots of
It is clear from the definition of ⌰ that ⌰ F is a union of double cosets 
We would like to determine when ␣ is the square of an element of ‫ކ‬ n
Let N denote the norm map from ‫ކ‬ to ‫ކ‬ . We claim that ␣ g ‫ކ‬ and, by Hilbert's Theorem 90, its kernel is ‫ކ‬ f ‫ކ‬ r‫ކ‬ . Clearly, We will now show that the square class of ␣ in ‫ކ‬ n = is determined by n q and but not by the choice of f. In light of the remarks of the previous Ž .
= paragraph, it suffices to determine the square class of N ␣ in ‫ކ‬ . Note
. When n is odd, = Ž . Ž = . 2 this implies that g ‫ކ‬ and thus N ␣ g ‫ކ‬ . When n is even,
Once n and are chosen, we may fix, independent of f, an element
We may also fix an element ␣ g ‫ކ‬ the latter coset does not depend on the choice of f. We may therefore
Ž . Ž . diagonal matrices which satisfy the relation a w w s D ␣ , we may Ž . Ž . where s g A is chosen independent of f such that s s and t is a 0 0 diagonal matrix whose diagonal entries are "1. We now have f s g awh 
We remark that Theorem 2 can be considered as a finite field analogue w x Ž . of the conjecture in 9 . Over a finite field, the double cover of GL n, q Ž . splits over GL n, q . The analogue of Shimura correspondence over the Ž . finite field is then a map from the irreducible representations of GL n, q to itself. Heuristically, it maps a cuspidal representation "R
w x The analogue of the conjecture in 4 for the Shimura correspondence is Ž . then trivially true, and Theorem 2 together with the following lemma w x implies the analogue of the conjecture in 9 .
Let HЈ be the group of orthogonal similitudes, consisting of points in G Ž . Ž . y1 with g s g g. identity is again satisfied.
ORBITS OF SYMMETRIC MATRICES
Ž . For the remainder of this paper, we let G s GL n, E , where n ) 1 and E is a finite extension of a p-adic field ‫ޑ‬ for some odd prime p. We p consider the action g и s g t g of G on the set S of symmetric matrices in G. The orbits are characterized by the discriminant and the Hasse invariant and they correspond to the classes of rank n quadratic spaces Ž w x . over E up to change of basis. See 13, Theorem 4.4.2 .
To be more explicit, we fix some notations. Let be a prime element of the ring of integers ᑩ of E and let ᑪ s ᑩ be the maximal ideal of ᑩ. Fix ␦ g ᑩ = such that the image of ␦ in the residue field ᑩrᑪ is not a Ä 4 square. Then 1, ␦, , ␦ is a set of representatives for the square classes Ž . are only seven orbits, since it is impossible to have both disc s y1 and Ž . Ž Hasse s y1. We warn the reader that the Hasse invariant is often defined as a product over i -j, instead of i F j. Though these two definitions are not equivalent, either may be used to classify quadratic forms. If one adopts the latter definition, then in the table for odd n below Ž . Ž . the exponents n q 1 r2 should be changed to n y 1 r2. The table for . even n is unaffected. Ž . If K s GL n, ᑩ then the problem of determining the K-orbits in S is the same as determining the rank n quadratic spaces over E up to integral change of basis. We recall O'Meara's solution to this problem, essentially w x as stated in 6 . When n is odd, these matrices have distinct discriminants and hence they lie in distinct G-orbits. Of the eight G-orbits in S, four contain a unique ZK-orbit with a relevant matrix and these are represented by the columns in the table:
Hasse 1 1 Ž . Ž Here is the Hilbert symbol y1, . This is 1 precisely when y1 is a . square in E. The other four G-orbits contain no relevant matrices.
When n is even, the situation is more complicated. We have
Hasse 1 1 y If n r2 s 1 then 1 and represent two distinct ZK-orbits which lie in a Ž common G-orbit. To see that these are indeed distinct ZK-orbits, assume i t Ž i . that k k s , for some integer i and some k g K. Taking determi-. nants produces a contradiction. There are two G-orbits which contain a unique ZK-orbit with relevant matrices. The remaining G-orbits contain no relevant matrices. The case of n r2 s y1 is similar. Ž . When g S, we let R denote the number of ZK-orbits which lie in the G-orbit of and which contain some relevant matrices. The following result follows directly from the above discussion:
Ž . PROPOSITION 1. Assume g S and put x s disc and y s Hasse .
. Otherwise, R s 0 when n is odd.
There is one specific example worth mentioning, because it is important in applications. Let be the permutation matrix associated to the permu-Ž .Ž . Ž tation n, 1 n y 1, 2 иии . This is the ''long element'' of the Weyl group of . Ž . Ž . ? nr2 @ G and the associated orthogonal group is split. Then disc s y1
Ž . Ž ? @ and Hasse s 1. Here x is the greatest integer less than or equal to . Ž. Ž. x. It follows that R s 1, when n is odd and R s 2 when n is even.
PROJECTIONS OF ORTHOGONAL GROUPS
Associated to each symmetric matrix g S is the orthogonal group Ž .
t O consisting of all g g G such that g g s , and the orthogonal Ž .
where g is a scalar. We have gO g s O g g . Let K be the 1 Ž . principal congruence subgroup 1 q M n, ᑪ of K. Then every subgroup J Ž . of G projects to a subgroup J of the group G s GL n, ᑩrᑪ by first taking the intersection J l K and then reducing entries modulo ᑪ. Thus Ž . Ž . J f J l K r J l K . We also adopt the notation x for the image of 
␣
We now restrict our attention to those groups H for which is ␣ Ž .
Ž . not relevant, that is, l ␣ ) 1. If ␣ g A A satisfies l ␣ ) 1 and n s Ž . n q иии qn is the associated partition of n, then we define the proper 1 m parabolic subgroup P of G as the group of lower triangular block three equations involving the blocks:
. The right hand side of Eq. 1 is symmetric and lies in 1 q M n , ᑪ . 
Ž .
H is defined as the group of g g G such that g g s . Our main 0 0 result is:
w < x Ž .w < Ž . x THEOREM 3. H : 1 s R r H : 1 .
Ž . When n is odd, Theorem 3 implies Hom , 1 always has dimension at H most one. When n is even, this dimension is always at most two. We recall from Section 3, that in the special case where is the permutation matrix Ž . associated to the longest Weyl element, then R s 1 if n is odd and Ž . w < Ž . x R s 2 if n is even. We remark also that r H : 1 is independent of .
To discuss invariant linear forms on F F, it is convenient to use the w x language of l-sheaves from 1 . We are interested in computing Ž . Ž . Hom F F , 1 s Hom , 1 , that is, the space of linear forms ⌳ on F F Given g g G, let F F denote the space of f g F F whose support is Ž
